Abstract. We classify the simple infinite dimensional integrable modules with finite dimensional weight spaces over the quantized enveloping algebra of an untwisted affine algebra. We prove that these are either highest (lowest) weight integrable modules or simple submodules of a loop module of a finitedimensional simple integrable module and describe the latter class. Their characters and crystal bases theory are discussed in a special case.
Introduction
The aim of the present paper is to study irreducible integrable modules for quantum affine algebras, which have finite dimensional weight spaces. The best known examples of such representations are the highest weight representations V (λ) (cf. [16, 23] ) on which the center of the quantum affine algebra acts via a positive integer power of q. These representations have many pleasant properties, for instance it is known that they admit a canonical global or crystal bases. Another family of integrable modules for the quantum affine algebra are the finite-dimensional modules which have been studied, amongst the others, in [1, 8, 11, 12, 13, 18, 24, 25, 26] . However, unlike the highest weight representations, these finite-dimensional representations do not respect the natural Z-grading on the quantum affine algebra which arises from the adjoint action of the element of the torus corresponding to the Euler operator. Thus it is natural to look for the graded analogue of the finite-dimensional modules. Besides, in certain cases one has to consider these infinite dimensional modules instead of finite-dimensional ones. For example, a finite-dimensional module cannot appear as a submodule of the ring of linear endomorphisms of V (λ) whilst a simple integrable module with non-trivial zero weight space can be embedded in such a ring for λ sufficiently large (cf. for example [20] ).
Examples of infinite dimensional integrable modules which are not highest weight modules are easy to construct. Namely, given a finite-dimensional module V , one can define on the space L(V ) = V ⊗ C(q)[t, t −1 ] in an obvious way the structure of a graded module for the quantum affine algebra. However, even if V is irreducible, the resulting representation L(V ) need not remain so.
The irreducible finite-dimensional representations of the quantum affine algebra are known to be parametrized by families of polynomials in an indeterminate u (cf. [8] ). For instance, for the quantum affine algebra associated to sl 2 , we have just one polynomial π(u). If we take π(u) = (1 − u)(1 + u), and V to be the corresponding irreducible finite-dimensional representation, then it is not hard to see that the graded infinite dimensional module L(V ) is a direct sum of two simple components. More generally, the module L(V ) is reducible (moreover, completely reducible) if the roots of the polynomials associated to V satisfy a certain condition which involves roots of unity.
The paper is organized as follows. In Section 2 we show that if V is an irreducible finite-dimensional representation of the quantum affine algebra, then the corresponding graded representation on L(V ) is completely reducible and we describe its irreducible components (cf. Theorem 1 and Lemma 2.8). Our analysis is based on the result on irreducibility of tensor products of finite-dimensional simple modules obtained in [5] , which allows one to construct an action of the cyclic group Z/mZ on L(V ) commuting with that of the quantum affine algebra, the integer m being determined by the family of polynomials corresponding to V . Namely, these turn out to be polynomials in u m . The irreducible components of L(V ), as in the classical case (cf. [4, 6, 14] ), become eigenspaces of a generator of that group corresponding to the egeinvalues ζ i , i = 0, . . . , m − 1, where ζ is an mth primitive root of unity. However, unlike in the classical case when it is induced by a natural action of the symmetric group S m on V , the action of Z/mZ is rather sophisticated and difficult to describe explicitly. Section 3 is devoted to a classification of irreducible, integrable modules with finite dimensional weight spaces of the quantum affine algebra. Thus our Theorem 5 establishes that such a module must be isomorphic to either a highest weight module or its (graded) dual, or to an irreducible component of the module L(V ), where V is some irreducible finite-dimensional module. The corresponding result in the classical case was established in [4, 6] . Besides, we show (cf. Proposition 3.5) that, as in the classical case (cf. [21] ), all weight spaces of a simple integrable module are finite dimensional if and only if its set of weights satisfies a boundedness condition of [20] .
The final section of the paper is concerned with the problem of describing the characters of irreducible components of the module L(V ) in terms of the characters of V . More precisely, we are interested in relating the dimension of the weight spaces of an irreducible component of L(V ) to the dimension of the weight spaces of V . In the classical case this was done in [14] , and the formulae involve a modification of the Euler ϕ-function. In the quantum case we conjecture an analogous formula and establish it in Proposition 4.7 for certain special modules for the quantum affine algebra associated to sl n+1 . In order to do that, we consider a crystal q = 0 limit of these modules. Then the argument becomes purely combinatorial and involves the major index of MacMahon. In particular, we also show that the characters of these modules in the quantum case coincide with the characters of their classical analogues. At the end of the section we discuss a crystal basis theory for these modules.
Preliminaries
Throughout this paper N (respectively, N + ) denotes the set of non-negative (respectively, positive) integers. Let q be an indeterminate and let C(q) be the field of rational functions in q with complex coefficients. For r, m ∈ N, m ≥ r,
1.1. Let g be a complex finite-dimensional simple Lie algebra of rank n with a Cartan subalgebra h and let W be the Weyl group of g. Set I = {1, 2, . . . , n} and let A = (d i a ij ) i,j∈I , where the d i are positive integers, be the n × n symmetrized Cartan matrix of g. Let {α i : i ∈ I} ⊂ h * (respectively {̟ i : i ∈ I} ⊂ h * ) be the set of simple roots (respectively of fundamental weights) of g with respect to h. As usual, Q (respectively, P ) denotes the root (respectively, weight) lattice of g. Let P + = i∈I N̟ i be the set of dominant weights and set Q + = i∈I Nα i . It is well-known that h * admits a non-degenerate symmetric W -invariant bilinear form which will be denoted by (· | ·). We assume that (
be the untwisted extended affine algebra associated with g and letÂ = (d i a ij ) i,j∈Î , whereÎ = I ∪ {0} be the extended symmetrized Cartan matrix and W the affine Weyl group. Set h = h ⊕ Cc ⊕ Cd. From now on we identify h * with the subspace of h * consisting of elements which are zero on c and
Denote by θ the highest root of g and set α 0 = δ − θ. Then {α i : i ∈Î} is a set of simple roots for g with respect to h and δ generates its imaginary roots. The bilinear form on h * extends to a W -invariant bilinear form on h * which we continue to denote by (· | ·). One has (δ | α i ) = 0 and (α i | α j ) = d i a ij , for all i, j ∈Î. Define a set of fundamental weights {ω i : i ∈Î} ⊂ h * of g by the conditions (ω i |α j ) = d i δ i,j and ω i (d) = 0 for all i, j ∈Î. Notice that ̟ i = ω i − ω 0 for all i ∈ I. Let P = i∈Î Zω i ⊕ Zδ (respectively, P + = i∈Î Nω i ⊕ Zδ) be the corresponding set of integral (respectively, dominant) weights. Set P e = P ⊕ Zδ ⊂ P . Denote by Q the root lattice of g and set Q + = i∈Î Nα i . Given λ, µ ∈ P + (respectively,
The quantum affine algebra U q (g) (cf. [2, 3, 10, 19] ) associated to g, which will be further denoted as U q , is an associative algebra over C(q) with generators
, h i,r , i ∈ I, r ∈ Z\{0}, and the following defining relations C ±1/2 are central,
for all sequences of integers r 1 , . . . , r m , where m = 1 − a ij , Σ m is the symmetric group on m letters, and the ψ ± i,r are determined by equating powers of u in the formal power series
The algebra U q (g) is Z-graded, with the l th -graded piece being,
The subalgebra of U q (g) generated by the elements x ± i,0 , i ∈ I is isomorphic to the quantized enveloping algebra
) be the subalgebra of U q generated by the elements x
±1 and C ±1/2 . We will need the following result which was established in [3] .
1.3. We will also need another presentation of U q . Namely, after [2, 19] , the algebra U q is isomorphic to an associative C(q)-algebra generated by
and central elements C ±1/2 satisfying the following relations:
The element E i (respectively, F i ), i ∈ I corresponds to x
It is well-known that U q is a Hopf algebra over C(q) with the co-multiplication being given in terms of generators E i , F i , K ±1 i : i ∈Î by the following formulae
being group-like. Although explicit formulae for the co-multiplication on generators x ± i,r , h i,r are not known, we will not need these in the present paper and so we say no more about it.
Lemma. Take x ∈ ( U q ) k and write ∆(x) = x 1 ⊗ x 2 in the summation notation. Then we may assume that
Proof. The assertion is obvious for the generators E i , F i , K ±1 i . Since ∆ is an algebra homomorphism, it holds for any polynomial in these generators, which is homogeneous with respect to D.
1.4.
Let U e q be the extended quantum loop algebra, namely the graded quotient of U q by the graded ideal generated by C ±1/2 − 1. The Hopf algebra structure on U q descends to a Hopf algebra structure on U e q . Let U q be the C(q)-subalgebra of U e q generated by the elements
It is easy to see that U q is a Hopf subalgebra of U e q . Let U e q (0) be the subalgebra of U e q generated by elements h i,r , K ±1 i , i ∈ I, r ∈ Z and D ±1 . Clearly U e q (0) is a Z-graded subalgebra of U e q . Let U q (>) (respectively, U q (<), U q (0)) be the subalgebra of U e q (0) generated by the elements x + i,r , i ∈ I, r ∈ Z (respectively, x − i,r , i ∈ I, r ∈ Z, h i,r , i ∈ I, r ∈ Z \ {0}. Then (cf. for example [8] )
and
Let P i,±r be the coefficient of u r in P ± i (u). One can show (cf. [3] ) that the P i,r : i ∈ I, r ∈ Z generate U q (0). Moreover, by [3] monomials in the P i,r , i ∈ I, r ∈ Z (or equivalently, monomials in the h i,r , i ∈ I, r ∈ Z) form a basis of U q (0).
] be a non-trivial homomorphism of Z-graded algebras. . Then there exist i 0 ∈ I such that χ(P i0,±m ) = 0 and the kernel of χ is generated by the P i,r , i ∈ I, r = 0 (mod m) and by the elements of the form
Proof. Let m, n ∈ N + be minimal such that both t m , t −n lie in the image of χ. Then t m−n ∈ Im χ. Since either 0 ≤ m − n < m or 0 ≤ n − m < n it follows that m = n which proves the first part. For the second part, it is enough to observe that the elements listed in the assertion are homogeneous and lie in the kernel of Im χ.
1.5. In the rest of this section we summarize some general results from the representation theory of U q and U q (g), which will be used later.
For any U q -module V and any µ = i∈Î µ i ω i + lδ ∈ P , set
If V µ = 0 we say that µ is a weight of V . The set of weights of V will be denoted by Ω( V ). The module V is said to be an admissible module of type 1 if
and dim V µ < ∞ for all µ ∈ P . One has analogous definitions of admissible modules of type 1 for the algebras U e q (with P replaced by P e ), U q and U q (g) (with P replaced by P ). From now on, all modules will be assumed to be of type 1. A U qmodule V is integrable if for all i ∈Î the elements E i and F i act locally nilpotently on V . Similarly, one can define integrable U e q , U q and U q (g)-modules.
1.6.
We now recall the construction of highest weight integrable modules over U q and U q (g). We work with the presentation of U q described in 1.4.
The following result can be found in [23, 3.5].
Proposition. For every λ = i∈Î λ i ω i + kδ ∈ P + (respectively λ = i∈I λ i ̟ i ∈ P + ) there exists a unique, up to an isomorphism, simple integrable U q -module V (λ) (respectively U q (g)-module V (λ)) of type 1 which is generated by an element v λ satisfying
1.7. The modules V (λ) and V (λ) are the quantum analogues of the corresponding modules V cℓ (λ) and V cℓ (λ) over, respectively, g and g, whose characters are given by the Weyl-Kac formula. Namely (cf. [22, Theorem 4.12] ), for all ν ∈ P , (respectively ν ∈ P ), we have dim
In particular, both V (λ) and V (λ) have finitedimensional weight spaces. Furthermore, a standard argument from the representation theory of g yields the following
Finally, we will need the following
+ }, for some k ∈ N + and for some µ 1 , . . . , µ k ∈ P + . Then
for some non-negative integers m(λ). Furthermore, as a U q (g)-module, V (λ) is a direct sum of simple finite dimensional highest weight modules V (µ) for
Corollary. Let M be an integrable U q (g)-module with finite dimensional weight spaces. Then M is finite-dimensional.
Proof. Let r ∈ N + be minimal such that r̟ i ∈ Q + for all i ∈ I. Then any λ ∈ P + can be written as λ ′ + η where η ∈ Q + and λ
r is a finite set. On the other hand, by Lemma 1.7, for all λ ∈ P + , there exists λ
Since dim M λ ′ < ∞ and the sum of V (λ) is direct, it follows that the multiplicity of each V (λ) in M is finite and that the set of λ ∈ P + such that V (λ) occurs in M is also finite. It remains to apply (ii) of the above Proposition.
1.8.
Since U q is a Hopf algebra, given a U q -module V = ν∈ P V ν , we can endow V * with a structure of a U q module via the antipode.
called the graded dual of V . One can prove that the graded dual of V (λ) , λ ∈ P + is the unique simple integrable module generated by an element v * λ such that
Clearly, V (λ) # is an integrable module. Results analogous to the ones above hold for the modules V (λ)
# . Finally, note that the element C acts on V (λ) as q r id and on V (λ) # as q −r id where r = (λ | δ). Notice that r > 0 unless λ ∈ P + ∩ P e = Zδ.
In the latter case both V (λ) and V (λ) # are one-dimensional.
Chapter 39], the T i satisfy the relations of the braid group associated with W (respectively, W ). In particular, the set of weights of M is W (respectively W ) invariant. Moreover, if M is admissible, then we have dim M λ = dim M wλ for all w ∈ W (respectively, w ∈ W ).
Quantum loop modules
In this section we study a family of irreducible integrable modules of U q on which C acts as the identity and hence these are actually modules for the extended quantum loop algebra U e q .
2.1.
Given a U q module V of type 1, one can easily verify that the following formulae define a structure of a U e q -module of type 1, which we denote by
We set L(V ) = L(V ; 0) and call it the quantum loop module associated to V .
Lemma. Let V be a cyclic U q module generated by an element v ∈ V . Then L(V ) is generated as a U e q -module by the elements v ⊗ t r , r ∈ Z.
Proof. Immediate.
If V is a finite-dimensional U q -module then the corresponding loop module L(V ) is an integrable U e q -module. The main result of this section is the following Theorem 1. Let V be an irreducible finite-dimensional U q -module and let d ∈ C. Then, there exists v ∈ V and a unique m ∈ N + such that as U e q -modules we have,
where
q -module for all 0 ≤ s ≤ m − 1. We prove this theorem in the remainder of this section. For simplicity of notation, we assume that d = 0, the general case being identical.
2.2.
We need several results about irreducible finite-dimensional representations of U q which we now recall (cf. [8] ). Let
Definition. We say that a U q -module V is ℓ-highest weight, with highest weight
If V is an ℓ-highest weight module, then in fact V = U q (<).v and so
For any λ ∈ P + , π ± ∈ A n , there exists a unique (up to an isomorphism) irreducible highest weight U q -module with highest weight (λ, π ± ). Write π
and let I(λ, π ± ) be the left ideal in U q generated by U q (>) + and the elements
: i ∈ I, r ∈ N + and let M (λ, π ± ) be the quotient of U q by I(λ, π ± ). Letv π be the canonical image of 1 ∈ U q in M (λ, π ± ). This module is ℓ-highest weight and has a unique irreducible quotient which we denote as V (λ, π ± ). Let v π be the canonical image ofv π in V (λ, π ± ).
Lemma. Let π ± ∈ A. Take a ∈ C(q) × and set π
× , let φ a be the graded algebra automorphism of U e q defined on generators by
for all i ∈ I and k ∈ Z. Evidently, φ −1 a = φ a −1 . It follows immediately from the definitions that φ a maps I(λ, π ± ) to I(λ, π ± a ) and hence induces an isomorphism of vector spaces φ a :
Since φ a (v π ) =v π a , we conclude that φ a factors through to a map
, which is the desired isomorphism φ π ± ,a . The properties (i) and (ii) of φ π ± ,a are immediate from the fact the algebra automorphism φ a satisfies these conditions.
The following was proved in [8] (see also [9]).
Theorem 2. Assume that λ ∈ P + and π ± ∈ A n satisfy the following
is an irreducible finite-dimensional ℓ-highest weight U q -module with highest weight (λ, π ± ). Moreover, these exhaust the irreducible finite-dimensional ℓ-highest weight modules.
From now, we shall only consider n-tuples of polynomials π = (π 1 , · · · , π n ), which have constant term 1 and split over C(q) and we denote by V (π) the irreducible ℓ-highest weight module corresponding to π.
We also need the following (cf.
[9])
Proposition. Assume that V (π) and V (π ′ ) are irreducible highest weight U qmodules and also that
2.4.
Given such an n-tuple π, and
for all i ∈ I, r ∈ Z to a homomorphism of Z-graded algebras. We set χ π = χ π,0 .
Lemma. Let π = (π 1 , . . . , π n ) be an n-tuple of polynomials satisfying π i (0) = 1.
Then for all i ∈ I, π i is actually a polynomial in u m . In particular, there exists an n-tuple of polynomials
where ζ ∈ C is an m th primitive root of unity.
Proof. By the definition of χ π and Lemma
Let a i be a root of π i in the algebraic closure of C(q). Then, evidently, ζ s a i is a root of π i for all s = 0, . . . , m − 1. Since π i (0) = 1, a i = 0, and so we can write
for some b i,r ∈ C(q). Set
It remains to observe that π 0 i ∈ C(q) [u] .
Given π such that χ π : U e q → C(q)[t m , t −m ] → 0 for some m > 1, let π 0 be the n-tuple of polynomials defined in the previous Lemma.
2.5. Our further analysis is based on the following result which was established in [5, Theorem 3] .
Theorem 3. Let {π j = (π j,1 , · · · , π j,n ) : 1 ≤ j ≤ k} be a set of n-tuples of polynomials with constant term one which are split over C(q). Assume further, that for all 1 ≤ j, j ′ ≤ k and l ∈ I, we have
where a and b are arbitrary roots of π j,l and π j ′ ,l . Then, the tensor product
Proposition. Let V (π) be an irreducible finite-dimensional representation of U q , and assume that χ π : U 
Proof. This follows immediately from Theorem 3 and Lemma 2.4.
2.6.
It follows from Theorem 3 and Proposition 2.5 that there exists a nontrivial isomorphism of U q -modules,
which maps the tensor product of highest weight vectors on the left to the corresponding element on the right. Set
and maps a highest weight vector to its multiple. We may assume, without loss of generality, that η π 0 maps a highest weight vector to itself.
In particular, η m π 0 = id. Proof. Let ∆ denote the standard co-multiplication on U q (cf. 1.4) and set
Suppose that x ∈ (U q ) k . Then we can write, using the summation notation of Sweedler and Lemma 1.
Since V (π) is simple, it follows that V (π) = U q v π . On the other hand, η π 0 v π = v π , hence by the above V (π) is a direct sum of eigenspaces of η π 0 and all the eigenvalues of η π 0 are mth roots of unity. If follows immediately that η
From now on we will denote this map by η.
Since every x ∈ U e q can be written, uniquely, as a finite sum of homogeneous elements, we conclude that η commutes with the action of U e q . 2.8. Our Theorem 1 is an immediate consequence of the following
) be the eigenspace of η corresponding to the eigenvalue ζ s , s = 0, . . . , m − 1. Then
where the summands are simple U e q -modules.
Remark. Although we have worked over C(q), the results of the section go through if we specialize q to be a complex number which is not a root of unity.
3. Classification of irreducible integrable modules for U q .
3.1.
We begin with the following definition which is analogous to Definition 2.2.
for all i ∈ I and k ∈ Z.
It is not hard to see that the set of maximal graded ideals in U q (0) is in bijective correspondence with the set of graded ring homomorphisms χ :
. Given such a χ and λ ∈ P e , one can define in the obvious way a universal highest weight module M (λ, χ). Namely M (λ, χ) is the left U Proposition. For all s ≥ 0, we have,
Theorem 4. The U e q -module V (λ, χ) is integrable if and only if there exists an n-tuple of polynomials π = (π 1 , · · · , π n ) in an indeterminate u with constant term one, and d ∈ C, such that
where χ π,d was defined in (2.1).
Proof. Suppose that V (λ, χ) is integrable. Then we have
Using Proposition 3.1, we conclude that
that is, P i,s ∈ ker χ for all i ∈ I and |s| ≥ λ i + 1. Furthermore, since (x 
hence P i,λi = 0. Thus, we can define an n-tuple of polynomials π by
One can prove then as in [7] , that the eigenvalues of P i,−r are given by the ntuple π − defined in the previous section. It is now easy to check that χ = χ π,d where χ(D) = q d and the result follows. For the converse statement it suffices to prove that given an n-tuple of polynomials with constant term one and d ∈ Z, there exists an irreducible integrable module with highest weight χ π,d . Consider the module L(V (π); d) defined in 2.1. It is clear that the element v π ⊗ 1 generates a highest weight U e q -module which is integrable. Further, by Theorem 1, it follows that this module is irreducible and hence is isomorphic to V (deg π, χ π,d ).
We note the following consequence.
Corollary. Any irreducible integrable ℓ-highest weight U e q -module is isomorphic to a simple submodule of a quantum loop module, and in particular has finitedimensional weight spaces.
3.2.
We are aiming to prove a classification result which similar to the one obtained in [4, 6] . This can be done only if we work over an algebraically closed field containing C(q). The classification result also holds if we specialize q to be a non-zero complex number which is not a root of unity. We will assume without further comment that we are in one of these situations until the end of this section.
We begin with the following Proposition. Let V = ν∈ P V ν be an integrable U q -module of type 1, such that dim V ν < ∞ for all ν ∈ P . Then there exists λ ∈ P such that V λ = 0 and V λ+η = 0 for all η ∈ Q + \ {0}. In particular, (λ | α i ) ≥ 0 for all i ∈ I.
Proof. Suppose that for each µ ∈ Ω(V ) there exists ν ∈ Q + such that µ+ν ∈ Ω(V ). Fix some µ ∈ Ω(V ). Then there exists an infinite sequence {η r } r≥1 such that η r ≤ η r+1 and µ + η r ∈ Ω(V ) for all r ≥ 1. Set W r := U q (g)V µ+ηr . Then W r is an integrable U q (g)-module with finite-dimensional weight spaces and hence by Proposition 1.7(ii) and Corollary 1.7
where m(µ r,s ) ∈ N and are non-zero for finitely many µ r,s . Choose s 1 such that ν 1 := µ 1,s1 > µ and m(µ 1,s1 ) = 0. Such s 1 exists since µ + η 1 is a weight of W 1 . Furthermore, let r 2 be the smallest positive integer so that there exists s 2 with ν 2 := µ r2,s2 > µ, µ 1,s1 = µ r2,s2 and m(µ r2,s2 ) = 0. Notice that r 2 always exists since the module W 1 is finite-dimensional and the maximal weights which occur in W r keep increasing. Repeating this process, we obtain an infinite collection of elements ν k > µ, k ≥ 1 such that such that V (ν k ) is isomorphic to an irreducible U q (g)-submodule W (ν k ) of V . By Lemma 1.7 it follows that V µ ∩ W (ν k ) = 0 for all k ≥ 1. Since all the ν k are distinct, the sum of W (ν k ) is direct, which contradicts the finite-dimensionality of V µ . In particular λ + α i is not a weight for all i ∈ I. It follows that V λ generates a highest weight U q (g)-module, whence λ is dominant with respect to the α i , i ∈ I. is isomorphic to U q (sl 2 ), E, F and K being the standard generators of the latter algebra.
The following simple Lemma will be used repeatedly in the proof of our main theorem.
Lemma. Let V be an integrable admissible U q -module. Assume that µ ∈ Ω(V ) satisfies (µ | sδ ∓ α i ) > 0 for some i ∈ I and s ∈ Z. Then µ ± α i − sδ ∈ Ω(V ).
Proof. Recall that if M is a finite dimensional U q (sl 2 ) module and Km = q k m for some m ∈ M , with k > 0, then
3.4. Now we will prove the main result of this section.
Theorem 5. Let V = ν∈ P V ν be an irreducible integrable U q -module of type 1 and assume that dim V ν < ∞ for all ν ∈ P and let r ∈ Z be such that Cv = q r v for all v ∈ V . Suppose that dim V > 1. 
Proof. By Proposition 3.2 we can choose λ ∈ P ∈ Ω(V ) such that λ + η is not a weight of V for all η ∈ Q + and (λ | α i ) ≥ 0 for all i ∈ I. Given η = i∈I k i α i ∈ Q + , set ht η := i∈I k i .
(i) Assume that r > 0. Then there exists m ∈ N such that V λ+sδ = 0 for all s > m. Indeed, otherwise we can choose s > 0 such that λ + sδ ∈ Ω(V ) and (λ+sδ | sδ−α i ) = rs−(λ | α i ) > 0 for all i ∈ I. It follows from Lemma 3.3 that λ+α i is a weight of V for all i ∈ I, which contradicts the choice of λ. Next, we prove that the
Let us prove first that
where U + q (g) is the subalgebra of U q (g) generated by the x + i,0 : i ∈ I. First, suppose that x + i,s V λ+mδ = 0 for some i ∈ I and s ∈ N + . Then λ + (m + s)δ + α i is a weight of V . Since (λ + (m + s)δ + α i | α i ) = (λ | α i ) + 2d i > 0, it follows from Lemma 3.3 that λ + (m + s)δ ∈ Ω(V ) which is a contradiction. Then using induction on ht η we conclude that λ + η + (m + s)δ, η ∈ Q + is not a weight of V for all s > 0, whence
Yet U q (g)V λ+mδ is finite-dimensional by Corollary 1.7 and (3.1) is proved.
In particular, there exists a finite set
+ and s ∈ N, to prove that M is finite-dimensional, it is now sufficient to prove that
for all but finitely many η ∈ Q + and s ∈ N + , which is an immediate consequence of the following two assertions: 1
• . The set {η ∈ Q + : µ k − η + lδ ∈ Ω(M ) for some l > 0} is finite. 2
• . For every η ∈ Q + , M µ k −η+lδ = 0 for l sufficiently large. In order to prove 1
• , assume it to be false and observe that the weights of M are all of the form µ k − η + lδ : η ∈ Q + . Since M is an integrable U q (g)-module, it follows (cf. 1.9) that Ω(M ) is W -invariant. Since the set of the µ k is finite, as is the group W , and P , δ are preserved by W , we can always choose η ∈ Q + such that µ k − η + lδ is a weight and the W -orbit of µ k − η + lδ contains an element which is not of the form µ r − η ′ + lδ for some r and η ′ ∈ Q + , which is a contradiction. To prove 2
• we proceed by induction on ht η. If ht η = 1, that is η = α j for some j ∈ I, and µ k − η + lδ ∈ Ω(M ) for infinitely many l, choose l large enough so that
Applying Lemma 3.3 we conclude that µ k + δ is a weight of M , which is a contradiction. For the inductive step, suppose that η ∈ Q + with ht η > 1. Then there exists j ∈ I such that η − α j ∈ Q + . Furthermore, by the induction hypothesis there exists N such that
, which is a contradiction by the choice of N .
Since V is simple, it follows from Proposition 1.2 that Ω(V ) ⊂ Ω(M ) − Q + . Further, any µ ∈ P with (µ | δ) > 0 is W conjugate to an element in P + . Since V is integrable, Ω(V ) is W -invariant hence Ω(V ) is contained in a finite union of cones of the form µ − Q + where µ ∈ P + . In order to complete the proof of (i), it only remains to apply Proposition 1.7.
(ii) If r = 0 then Ω(V ) is contained in P e . We prove first that there exists µ ∈ Ω(V ) such that x + i,m V µ = 0 for all i ∈ I, m ∈ Z. Suppose that x + i,m V λ = 0 for some i ∈ I and m ∈ Z. Set µ = λ + α i + mδ. Suppose further that x + j,s .V µ = 0 for some j ∈ I, s ∈ Z. Observe that, if i = j ∈ I then either a ij + 2 > 0 or a ji + 2 > 0 and obviously a ii + 2 > 0. Thus we may assume, without loss of generality, that a ij + 2 > 0. Then (λ + α i + α j | α i ) = (λ | α i ) + d i (a ij + 2) > 0 and so by Lemma 3.3 we conclude that λ + α j ∈ Ω(V ), which is a contradiction by the choice of λ.
Thus, we have proved that V = U q v 0 where v 0 satisfies
Since U e q = U q (<)U e q (0)U q (>) it follows from standard arguments that U e q (0)v 0 must be an irreducible U e q (0)-module. Since U e q (0) is a Z-graded commutative algebra, it follows that the irreducible graded representations must just be the quotient of U e q (0) by a maximal graded ideal M of U e q (0), which annihilates v 0 . This proves that V is a ℓ-highest weight module of U e q and (ii) now follows from Corollary 3.1.
(iii) This case is similar to the first one.
3.5. Assume that the bilinear form on h * is normalized in such a way that its values on P are rational (for, it is sufficient to assign a rational value to (ω 0 | ω 0 )). Let M = ν∈ P M ν be a U q -module of type 1. We say, following [20, 21] , that M is a bounded module if (ν | ν) ≤ N for some N ∈ Z and for all ν ∈ Ω(M ). In particular, if M is simple, then this upper bound is attained (cf. [20, 7.2] ), that is there exists λ ∈ Ω(M ) such that (ν | ν) ≤ (λ | λ) for all ν ∈ Ω(M ). We call such a λ maximal.
Observe that a bounded module is necessarily integrable. Indeed, if both µ and µ + nα i are weights of M , then (µ
It is shown in [21] that a simple bounded g-module is admissible, being necessarily of one of the types described in [4, 6] .
We will now establish a similar result for U q -modules.
Proposition. Let V be a simple bounded U q -module and suppose that λ is its maximal weight and that dim V = 1.
some n-tuple π of polynomials with constant term 1 and
In particular, a simple bounded U q -module is admissible.
Proof. Since the form (· | ·) is W -invariant and V is integrable, any element of the W -orbit of λ is also a maximal weight of V . (i) Suppose that (λ | δ) > 0. Then the W -orbit of λ contains µ ∈ P + . Since µ is maximal by the above remark, it follows that µ + α i is not a weight of V for all i ∈Î. Indeed, (µ
, which contradicts the maximality of µ. Therefore, E i V µ = 0 for all i ∈Î, that is V is a highest weight module of highest weight µ. Since V is simple, the claim follows immediately from Proposition 1.7.
(ii) Suppose that (λ | δ) = 0. Then λ ∈ P e and so W λ ∩ P + is empty. However, since W is a finite group, we can always conjugate λ to some µ ∈ P e such that (µ
and µ is a maximal weight, we conclude that µ + α i + sδ is not a weight of V for all i ∈ I and s ∈ Z. It follows that x + i,s V µ = 0 for all i ∈ I and s ∈ Z. The rest of the argument repeats that of the proof of the second part of Theorem 5.
(iii) The argument repeats that of (i).
4.
Characters of quantum loop modules in sl n+1 case 4.1. In the classical case, we have the following result (cf. [14] ).
-module with evaluation parameters a i,r ζ s where λ i ∈ P + and are distinct, a i,r ∈ C, r = 1, . . . , m i , s = 0, . . . , m − 1 and a i,r /a i ′ ,r ′ is not an mth root of unity. Let L(V ) be the corresponding loop g-module. Then the formula of [14, Theorem 4 
where ϕ is the Euler function and µ is the classical Möbius function, µ(k) = 0 if k is divisible by a square and µ(k) = (−1) l if k is a product of l distinct primes.
4.2. Retain the notations of Section 2 and define, for any d dividing m,
follows immediately from Theorem 3 and Lemma 2.4 that
Then we conjecture the following quantum analogue of (4.1) and (4.2)
Conjecture. Let ν ∈ P , r ∈ Z and s = 0, . .
In the rest of this section we prove this conjecture in some special case for g ∼ = sl n+1 .
4.3.
Recall that V (π) is a direct sum of eigenspaces of η π 0 and that the eigenvalues of the latter are mth roots of unity. Let V (π) (k) ⊂ V (π) be the eigenspace of η π 0 corresponding to the eigenvalue ζ k . Define, for all v ∈ V (π) and for all s ∈ Z
Evidently, Π s depends only on the residue class of s (mod m). Observe that the Π s are U q (g)-module endomorphisms of V (π). Furthermore, for all v ∈ V (π) and for all r, s ∈ Z, define
Lemma. Proof. For the first part, we have, for all v ∈ V (π), 
It follows that Π s commutes with the action of U e q . Furthermore,
whence the image of Π s is contained in L s (V (π)). Finally,
It follows immediately from the first part that Π
Observe that η π 0 preserves weight spaces of V (π).
Corollary. Given ν ∈ P , set V (π)
Proof. This follows immediately from Lemma 4.3.
4.4.
Throughout the rest of this section g is assumed to be isomorphic to sl n+1 . It will be convenient to identify the setÎ with Z/(n + 1)Z in the sense that i + k : i ∈Î, k ∈ Z is understood as i + k (mod n + 1). Let V be the quantum analogue of the natural representation of g. Explicitly, V is an (n + 1)-dimensional vector space over C(q) with a basis v 0 , . . . , v n , the action of the generators E i , F i , K i : i ∈ I of U q (g) being given by
Given a ∈ C(q) × , we can endow V with a structure of a U q -module which we denote by V (a) by setting
It follows immediately from the definition of desc(v) that I ζ m−r ,m−r (v) = ζ r v (mod qL(π)) provided that r ∈ desc(v) and I ζ m−r ,m−r (v) = v (mod qL(π)) otherwise. The result is now immediate since η π 0 (qL(π)) ⊂ qL(π).
4.6.
Denote byη π 0 the map of C-vector space L(π) into itself which obtains canonically from η π 0 . By the above Lemma, the eigenvalues ofη π 0 are mth roots of unity.
Lemma. Let L(π)
(k) be the eigenspace ofη π 0 corresponding to the eigenvalue ζ k . Then, for all k = 0, . . . , m − 1,
Moreover, if we set L(π)
and, moreover, v = v (mod qL(π)) by Lemma 4.5. Since the canonical images
as an A-module and are linearly independent over A by Nakayama's Lemma. Therefore, the v : v ∈ B(π) form a basis of V (π) over C(q). Furthermore, by Lemma 4.
On the other hand, since V (π) (respectively, L(π)) is a direct sum of eigenspaces of η π 0 (respectively,η π 0 ), it follows that dim C(q) V (π) =
, whence the desired equality. The second assertion is immediate since all the v ∈ B(π) are weight vectors.
It follows immediately from Lemma
The cardinality of the set which appears in the right-hand side was computed in [15] . Namely, there is a bijection between the set of weights of V (π) (or L(π)) and the set 
Applying 4.3 and Lemma 4.6, we obtain the following Proposition. Assume that g is isomorphic to sl n+1 . Let π 0 = (1 − u, 1, . . . , 1) and
, where ζ is an mth primitive root of unity. Then
for all ν ∈ P , r ∈ Z and s = 0, . . . , m − 1.
4.8.
In the remainder of this section we will discuss the crystal basis theory of our modules L(V (π)). One can easily see that V (ζ i ) does not a admit a crystal basis in the sense of Kashiwara. However, one can slightly modify the definition of a crystal basis so that it makes sense in our particular case.
Let M be an integrable U q -module or a finite dimensional U q -module. Then, for i ∈Î fixed, the Kashiwara operatorsẼ i ,F i are defined in the following way (cf. Proposition. Fix ζ ∈ C × and let π = ( 
The proof is basically an adaptation of the standard argument. Let U 0 be the subalgebra of U q generated by E 0 , F 0 and K ±1 0 , which is isomorphic to U q (sl 2 ). Throughout the rest of the proof we shall omit indices of the operators E 0 and F 0 .
We use the following inductive argument. Set
. It is clear that (ii)-(iv) of Definition 4.8 hold for M 1 and that (iv) follows from (ii)-(iii), the second assertion of our Proposition and Kashiwara's tensor product rules. Now, suppose that they hold for M k and the pair (L k , B k ), where B k = {v i1 ⊗ · · · ⊗ v i k : i r ∈Î} and L k = b∈B k Ab. Given b ∈ B k of weight ν, set t = (ν | α 0 ) and write b = s≥0,s+t≥0 F (s) u s as in 4.8.
Notice that M k+1 ∼ = V (1) ⊗ φ π k ,ζ M k , where π k = ( For the inductive step we should prove first that, for all i ∈Î and for all b ∈ B k , E(v i ⊗ b),F (v i ⊗ b) ∈ L k+1 . Since the v i : i = 0, n span trivial U 0 -modules, we can write . Since the images of these elements in L s ν+rδ /q L s ν+rδ form a basis of that vector space by 4.6, it follows by Nakayama's lemma that they generate L s as an A-module. Therefore, L s (π) = L s . The result now follows immediately from Proposition 4.9 and [15, Proposition 3.6 and Lemma A.1].
